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I. Introduction

N this Note a new class of fluid-electrical asymmetries in

MHD generator channel flow are predicted. Asymmetrical
behavior near the two electrode walls of an MHD channel has
been confirmed both experimentally and theoretically for
devices in which there exists a net axial current density of
significant magnitude. Demetriades,! for example, in-
vestigated the momentum transfer to plasmas by Lorentz
forces in order to predict the changes in direction and
magnitude of the momentum of a stream of plasma in a
crossed-field accelerator. In the AEDC Hirho accelerator?
measurements of the dynamic pressure across the channel
revealed that the peak of these profiles occurred a con-
siderable distance off the centerline. Theoretical studies have
also been reported which illustrate that the boundary layer on
one wall or the other (depending on the direction of the axial
Lorentz force) will have a greater tendency to separate.’ Such
transverse nonuniformities in the gasdynamic distributions
have been shown to have great influence on the current
distributions and voltage drops in the channel and, con-
sequently, on the power output and efficiency of the
generator. ¢

These nonuniformities arise because of the axial current
density J,, which in turn is due to the Hall effect, finite
segmentation, and nonuniformity of plasma properties over
the electrode segment. It is the purpose of this Note to: 1)
illustrate that the existence of interelectrode asymmetries is
not confined solely to generators in which there exists a
nonzero net axial current, but rather they are induced even in
the case of the ideal Faraday generator, and 2) reveal the
impact of these asymmetries upon the generator and diffuser
flow. In generators of this type the net axial current in the
cross plane is identically zero but at any given point in the
plane the local Hall current density is in general nonzero.

II. Model

In the formulation and solution of the MHD equations, two
overlapping subproblems are distinguished. They are: 1) the
electrical subproblem, which consists of the solution for the
current densities and electric fields assuming specified values
of the gasdynamic variables; and 2) the gasdynamic sub-
problem, which consists of the solution for all of the fluid
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variables and the plasma state throughout the channel
assuming specified values for the current densities and electric
fields.

In the general situation, the equations governing the
electrical subproblem consist of the steady-state Maxwell’s
equations, the generalized Ohm’s law,’ and the electron
species and energy conservation equations. The equations
governing the gasdynamic subproblem are derived from the
steady state, compressible, turbulent Navier-Stokes equations
including MHD body-force and Joule heating terms. A
mathematical description of the general computational model
(the “STD Q3D”’ flow model)%® will not be repeated here.
Particular assumptions employed in application of the above
general model to the present work are as follows: 1) the
neglect of finite-electrode segmentation effects, 2) the
assumption of equilibrium heavy species concentrations in the
boundary-layer regions (electrons, however, are treated with
finite-rate effects for both concentration and electron energy),
and 3) the assumption of an equilibrium-turbulence state in
the boundary-layer regions in which the turbulent shear stress
is given in terms of the velocity gradient dU/dy by
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where the dissipation length @é is given by a modified Van
Driest formulation!® and is discussed fully in Ref. 7. The
boundary conditions imposed on the above equations are
derived from a modified law of the wall for rough walls and
are discussed in Ref. 11.

Fully nonequilibrium turbulence modelsé have been em-
ployed and compared extremely favorably with data in non-
MHD flows. %13 We expect that the equilibrium turbulence
version used in the present work is adequate for the
documentation of the asymmetric MHD flow effects whose
existence and character are the subject of this Note and whose
fundamental nature and mechanism do not turn directly on
the question of turbulence equilibrium or nonequilibrium. As
described in Ref. 9, coupled solutions for the interelectrode
direction and intersidewall direction are obtained
simultaneously in a quasi-three-dimensional description
which correctly distinguishes the differences in primary flow
velocity distribution over sidewalls and electrode walls but
which can only approximately account for secondary flow
effects.
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III. Results

The foregoing version of the STD Q3D flow model has been
studied for inlet conditions, geometry, and electrical loading
typifying a large, rectangular cross-section, high MHD in-
teraction, subsonic, Faraday generator/diffuser combination
(Table 1). Many of the results of this calculation are reported
in Ref. 14. We now comment on an aspect of the calculation
left unmentioned in the above reference.

Figure 1 is a schematic of typical Hall current densities in
the interelectrode direction considering both zero and nonzero
net Hall current. Also depicted in Fig. 1 are typical pressure
distributions which would be expected to result from the
transverse Lorentz forces. Indeed, it is clear that even in a
situation of zero net Hall current, there is a significant
asymmetry in the pressure distribution from anode to
cathode. While the pressure at the surface is the same on both
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Fig. 1 Effect of Hall current on pressure distribution between
electrodes.
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Fig. 2 Distribution of anode and cathode shape factors for a typical
high interaction MHD generator and diffuser.

Table1 MHD channel flow conditions

Generator  Generator  Diffuser

inlet exit exit

Mass flow rate, kg/s 45 45 45
Centerline velocity, m/s 890 557 359
Centerline temperature, K 2815 2501 2467
Centerline pressure, atm 2.897 0.914 1.0
Average electrode wall

boundary-layer thickness, m 012 241 .492
Centerline Mach no. 0.934 0.630 0.409
Cross-sectional area, m? 0.140 0.707 1.242
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Fig. 3 Skin-friction distributions on electrode and sidewalls for a
typical high interaction MHD generator and diffuser.

5000y -
450.0

i

|

400.0 !
l

350.0 GENERATOR ————+——= DIFFUSER

|
|
300.0 !
|
250,04, !

200.0

HEAT FLUX (W/M2)

:

150.0

100.0

CATHODE
0.00 e ANODE

0.8 1.8 2.8 3.8 4.8 58 638 7.8 8.8 9.8 10.8 11.8 12,8 13,8 14.8
X (m)

Fig. 4 Heat-flux distributions on electrode and sidewalls for a
typical high interaction MHD generator and diffuser.
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electrodes, the anode boundary layer is developing under a
higher average pressure than that of the cathode as shown in
Fig. 1. Since the pressure gradient in an MHD channel is in
the main favorable, this means that the anode is experiencing
a ““less favorable’’ pressure gradient than the cathode. The
result of this distribution of pressure and Lorentz force is that
the anode will begin to exhibit a lower shear stress and higher
shape factor than the cathode and will, in general, be more
susceptible to separation.

Figures 2-4 are graphs of the calculated results for the
electrode boundary-layer shape factors, the electrode and
sidewall skin-friction coefficients, and the electrode and
sidewall heat fluxes, respectively. The rather regular waviness
apparent in these results is not an anomaly of the calculation
but results directly from the geometry of the channel design
which is constructed from several linear sections each having a
different area variation with x. The effect of the Hall current
induced pressure asymmetry on the electrode boundary layers :
is clearly illustrated in these figures. In the latter part of the
active channel (6.0 m=x=<7.9 m), the shape factors differ by
approximately 8% while the skin-friction coefficients differ
by typically 20%. The unconventional behavior in the
sidewall skin friction is due to the relative absence of current
in the comparatively cold insulating sidewall boundary layers.
This phenomenon is discussed fully in Ref. 14.

Of particular interest is the behavior of the boundary-layer
parameters in the diffuser (x=7.9 m). Over the last few
centimeters of the active channel the load resistence is in-
creasing until finally the channel is open-circuited at ap-
proximately 7.9 m. Over the interval the relative behavior of
the boundary layers on the anode and cathode begins to
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reverse. Eventually, after a short run in the diffuser, the
boundary layer on what was the cathode wall exhibits a higher
shape factor and lower skin friction than that on the opposing
wall. This is a reaction to the sudden relief of the transverse
Lorentz force. This force was formerly directed toward the
wall in the cathode boundary layer and away from the wall in
the anode boundary layer. When the channel unloads, these
forces are no longer present and the boundary layers are
suddenly out of force balance as well as suddenly acted upon
by an adverse pressure gradient (rather than the favorable
gradient present in the active channel). These calculations
indicate that for diffusers of practical length, the asymmetry
will persist with the boundary layer on what was the cathode
wall being considerably more susceptible to separation. Note
also in Fig. 3 the return to conventional behavior of the
sidewall skin friction as the axial Lorentz force is relieved.
The somewhat more abruptly changing behavior in the
distributions of the boundary-layer parameters at ap-
proximately 9.25 m is again a consequence of the geometry.
At this point the electrode walls become parallel while the
divergence half angle on the sidewalls is reduced from 2.0 to
1.5 deg. In addition, the electrode wall surface temperature
drops significantly in this region due to a change in surface
composition, hence the abrupt rise in the heat flux shown in
Fig. 4.
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Mixing Length in Low Reynolds
Number Turbulent Boundary Layers

P. N. Inman* and P. Bradshawt
Imperial College, London, England

Nomenclature
G = Clauser shape parameter, V(2/C,) (1 - 1/H)
H  =shape parameter, 6*/0
K  =pressure gradient parameter, (v/U2dU, /dx)
! =mixing length
M  =Mach number
u, =friction velocity, 7,,/p,,
B = pressure gradient parameter, (6*/7,,dp/dx)
4, =pressure gradient parameter, (»/pu 3dp/dx)
)] =velocity boundary-layer thickness where U/ U, =0.995
6* =Reynolds number, u,6/v,,
6* =boundary-layer displacement thickness
7,  =wall shear stress
v =viscosity
P =density
Subscripts
m  =maximum value
0.5 =evaluated aty/6=0.5
e =edge
w =wall

Introduction

USHNELL et al.! analyzed existing data to show that, at

low values of the Reynolds number § *, the mixing-length
parameter (//6),, was smaller at large distances downstream
of transition than at small distances, for given é +. The data at
small distances came from measurements on flat plates and
other isolated bodies, whereas the measurements at large
distances were made on the nozzle walls of supersonic wind
tunnels. Comparison of Table 1 and Fig. 2 of Ref. 1 shows
that nearly all the measurements which show a lower than
usual mixing-length parameter were taken at Mach numbers
above 5. Existing low-speed data (e.g., Refs. 2 and 3) indicate
that the mixing-length parameter increases with decreasing
Reynolds number on flat plates, so that the question of
whether the reduction found by Bushnell et al. occurs only at
high Mach numbers or whether it is a universal feature of low-
Reynolds-number turbulent boundary layers remained open.
This Note presents the results of an experimental and com-
putational investigation of this question. 4

Low-Speed Experiment

Experimental Arrangement

To produce a low Reynolds number 6+ far downstream of
transition we set up, in the Imperial College 0.762 x0.127 m
(30 5 in.) boundary-layer tunnel,® a flow with a favorable
pressure gradient sufficiently strong to keep the momentum-
thickness Reynolds number at or below 1000 for a distance of
about 50 boundary-layer thicknesses. Over this distance, the
momentum thickness Reynolds number on a flat plate would
approximately double. The initially laminar boundary layer
was tripped by a spanwise wire sized to ensure rapid recovery
from transition of the inner layer,® as demonstrated by the
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